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UO-CONVERGENCE AND ITS APPLICATIONS 
TO CESARO MEANS IN BANACH LATTICES 


N. GAO, V. G. TROITSKY, AND F. XANTHOS 

Abstract. A net (xa) in a vector lattice X is said to uo-converge 
to X if \xa—x\/\u A 0 for every u > 0. In the first part of this paper, 
we study some functional-analytic aspects of uo-convergence. We 
prove that uo-convergence is stable under passing to and from regu¬ 
lar sublattices. This fact leads to numerous applications presented 
throughout the paper. In particular, it allows us to improve several 
results in [HIST]. In the second part, we use uo-convergence to 
study convergence of Cesaro means in Banach lattices. In partic¬ 
ular, we establish an intrinsic version of Komlos’ Theorem, which 
extends the main results of [33 HU [SU in a uniform way. We 
also develop a new and unified approach to Banach-Saks proper¬ 
ties and Banach-Saks operators based on uo-convergence. This 
approach yields, in particular, short direct proofs of several results 

in mi [Ml 113 • 


1. Introduction 

The notion of uo-convergence is an abstraction of almost everywhere 
convergence in function spaces and originally goes back to [12]. It 
was later investigated in (TSl SHI Ell I2S1 [2Z]- In [2S], uo-convergence 
was applied in a study of abstract martingales in the framework of 
vector lattices. In particular, [26] includes an extension of Doob’s 
(sub)martingale convergence theorems to vector lattices. In the present 
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paper, we further investigate uo-convergence and present several appli¬ 
cations of this tool. 

The structure of the paper is as follows. In Section [2], we obtain 
several new results about regular sublattices and order convergence. 
Recall that a sublattice R in a vector lattice X is regular if inf A is 
the same in X and in Y whenever A is a subset of Y whose inhmum 
exists in Y. We prove that in this case, the order completion Y^ of Y is 
also regular in X^. We then use this to deduce that order convergences 
in X and in Y are the same for order bounded nets of Y. 

In Section 131 we apply results of Section |2]to show that a sublattice Y 
is regular in X iff the uo-convergences in X and Y agree. In particular, 
the uo-convergences in X and in X^ agree. This allows us to drop the 
order completeness assumptions from several results of [2^ 1^ . In 
particular, we show that every disjoint sequence in a vector lattice 
uo-converges to zero, and that if tc is a weak unit then Xa x iff 
\xa — x| A ry 0. We show that a Banach lattice has the Positive 
Schur Property iff every uo- and weakly null sequence is norm null. We 
also discuss the relationship between uo-convergence in X and order 
convergence in the universal completion of X. 

In Section 01 we go over AL-representations of vector lattices with 
strictly positive functionals. Recall that if X is a vector lattice with a 
strictly positive functional h, then ||a:|| = h(|a:|) dehnes an AL-norm 
on X and, therefore, the completion of X with respect to this norm 
is lattice isometric to Ti(/x) for some measure p. We show that X, 
viewed as a sublattice of Ti(/i), is regular iff it is order dense iff h 
is order continuous. In this case, the results of Section [3] yield that 
a sequence uo-converges in X iff it converges /i-almost everywhere to 
some vector in X. 

Section |5] is centred around the Komlos property. Let (a:„) be a 
sequence in a vector space X. Consider the sequence (a„) of Cesaro 
means of (xn), dehned by 133) Komlos proved 

the following celebrated result: 

Theorem 1.1 ((SH])- Let (xn) be a norm bounded sequence in Li{p), 
where P is a probability measure. Then there exists a subsequence {yn) 
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of (xn) and a function g G Li{p) such that the Cesdro means of any 
subsequence of {yn) converge to g almost everywhere. 

We introduce the notions of Konilos and pre-Konilos properties for 
Banach lattices in terms of no-convergence. Our dehnitions are measure- 
free, yet are shown to be consistent with the measure-dependent def¬ 
initions given in [211 dS] . In Theorem 15.91 we identify a large class of 
Banach lattices that possess the pre-Komlos and Komlos properties. 
We also study the converse of the Komlos theorem fTheorem l5.23|) . As 
will be illustrated, our results unify and improve the main results in 

[SUdE]. 

In Section [6l we use the pre-Komlos property of Banach lattices to 
study Banach-Saks properties and Banach-Saks operators. Recall the 
following classical fact due to Banach-Saks [9] and Szlenk jH]. 

Theorem 1.2 (Banach-Saks-Szlenk). Let (xn) be a weakly null se¬ 
quence in Tp(p), where P zs a probability measure and 1 < p < oo. 
Then there exists a subsequence {yn) of (x„) such that the Cesdro means 
of any subsequence of (yn) converge to zero in norm. 

A Banach space is said to have the (weak) Banach-Saks property 
if every bounded (respectively, weakly null) sequence has a subsequence 
whose Cesaro means converge in norm. We study these properties and 
their “disjoint” variants in Banach lattices. We show, in particular, 
that Banach lattices with the Positive Schur Property have the weak 
Banach-Saks property. This immediately implies Theorem 5.7(i) in [20] 
that every separable Lorentz space has the weak Banach-Saks property. 

Uo-convergence also provides a new and efficient way of handling 
domination problems of (weakly) Banach-Saks operators. We use it 
to develop short proofs of some of the results of [211 [25|, as well as of 
some new domination results for weakly Banach-Saks operators. We 
also present a variant of Kadec-Pelczyhski dichotomy in terms of uo- 
convergence. 

2. Order convergence and Regular sublattiges 

Throughout this paper, X stands for a vector lattice. We refer to 
[Hiiaii] for unexplained terminology on vector and Banach lattices. 
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All vector lattices are assumed to be Archimedean. We recall a few 
standard definitions. 

Definition 2.1. A net (xQ,)Q,er in a vector lattice X is said to converge 
in order to x G df, written as Xa A x, if there exists another net 
in X satisfying a.y 0 and for any 7 G A there exists oq £ h 
such that \xa — x\ < for all a > oq- We say that a net (xq,) is order 
Cauchy if the double net (xa — xp){^a,ii) converges in order to zero. 

Remark 2.2. It is easy to see that for an order bounded net (xq,) in 
an order complete vector lattice, 

Xa A X iff inf sup|x /3 — x| = 0 iff x = inf sup xp = sup inf xp. 

It follows that the dominating net {a^) in Dehnition l2.1l mav be chosen 
over the same index set as the original net. In case of a cr-order complete 
vector lattice, the same holds for sequences. 

The following fact is standard. It follows easily from the double 
equality in Remark 12.2( order boundedness is obtained by passing to a 

tail. 

Proposition 2.3. Every order Cauchy net in an order complete vector 
lattice is order convergent. Every order Cauchy sequence in a a-order 
complete vector lattice is order convergent. 

Definition 2.4. A sublattice R of a vector lattice X is said to be 

• order dense if for every 0 < x G X there exists 0 < y E Y 
such that y < x; 

• dense with respect to order convergence if every vector 
in X is the order limit of a net in Y ; 

• majorizing if for every 0 < x G X there exists y E Y such 
that X < y; 

• regular if for every subset A oiY, inf A is the same in X and 
in Y whenever inf A exists in Y. 

The following fact is straightforward; see, e.g., [H Theorem 1.20]. 
Lemma 2.5. Let Y be a suhlattice of X. The following are equivalent. 
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(1) V is regular; 

(2) //sup A exists in Y then sup A exists in X and the two suprema 
are equal; 

(3) Ha y in Y implies Va ^ y in X; 

(4) ?/a / 0 inY implies / 0 m X; 

It is easy to see that every ideal is regular. Furthermore, order 
dense sublattices are regular by [H Theorem 1.23]. It is shown in [H 
Theorem 1.27] that a sublattice Y is order dense in X iff a = sup[0, a] fl 

Y for every a G where the sup is evaluated in X. Therefore, if Y 
is order dense in X then Y is dense with respect to order convergence. 
The converse fails in general. 

Example 2.6. Let X be the set of real-valued functions on [0,1] of 
form f = g + h where g is continuous and h vanishes except at hnitely 
many points. Being a sublattice of X is a vector lattice. Let 

Y = C'[0,1]. Clearly, E is a sublattice of X. It is easy to see that 

Y is dense with respect to order convergence (even sequentially), but 

Y is not order dense in X: there is no G E with 0 < g < X{^}- 
Observe also that Y is not regular in X. Indeed, let (/„) be a decreasing 
sequence in such that /n(|) = 1 for every n and /n(t) —)■ 0 for every 
t ^ I- Then /„ / 0 in F but /„ / X{i} in 

Lemma 2.7. For a sublattice Y in a vector lattice X, the following 
are equivalent. 

(1) Y is both order dense and majorizing in X; 

(2) For every x E X one has x = inf{?/ EY:y> x}; 

(3) For every x E X one has x = sup{|/ eY y < x}. 

Proof. It is straightforward (replacing x with —x) that ([2])y^([3D. To 
show that ([I])^([2]), put A = {y eY : y > x}. Since Y is majorizing, 
there exists yo E Y such that x < y^. In particular, A is non-empty 
and [x, j/o] n F C A. Then 

inf [x, i/o] n F = I/O - sup[0, y^ - x] D Y = yo - (yo - x) = x, 


hence inf A = x. 
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It is left to deduce (II]) from the other two statements. First, note 
that (El) implies that V is majorizing. Fix x E X+. By (IHl), x = supB 
where B = {y E V : y < x}. On the other hand, for every y E B we 
have y <y^ E [0, x] fl Y . It follows that x = sup[0, x] fl F. □ 

Note that even when F is a regular sublattice of X, order convergence 
in X generally does not imply order convergence in F. For example, cq 
is a regular sublattice of £oo, e„ A 0 in ^oo but not in cq. We will see, 
however, that order convergence in X does imply order convergence 
in F under certain additional assumptions. The following theorem is 
essentially in [2|. We provide a proof for the convenience of the reader. 

Theorem 2.8. Suppose that Y is order dense and majorizing. Then 
Xq A 0 m F ijf Xa 0 in X for any net (xa) in Y. 

Proof. Since F is regular, the forward implication is obvious from 
Lemma 12.51 Suppose now that Xq A 0 in X. Let (a.y) be a net in 
X as in Dehnition 12.11 Put 

A= {^y eY -. y > ioi some 7 }. 

Then inf A = 0 in X and, therefore, in F. Indeed, ii z E X and 
0 < z < A then for every 7 we have z < {y E Y : y > so that 
z < a.y by Lemma ITTI Hence, z = 0. 

Since A is directed downwards, we may view H as a decreasing net 
in F. It is easy to see that this net dominates (xq) in the sense of 
Dehnition 12.11 □ 

For a vector lattice X, we write for its order (or Dedekind) com¬ 
pletion. Recall from [H Theorem 1.41] that X^ is the unique (up to a 
lattice isomorphism) order complete vector lattice that contains X as 
a majorizing and order dense sublattice. In particular, X is a regular 
sub lattice of X*^. 

Corollary 2.9 (|2]). For every net (xq) in X, Xq A 0 m X iff Xa 0 
in X^. 

Theorem 2.10. Let Y be a regular sublattice of a vector lattice X. 
Then Y^ is a regular sublattice of X^. 
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Proof. Since X is regular in X^, we conclude that Y is regular in X^. 
Thus, without loss of generality, we may assume that X is order com¬ 
plete. Let J-. Y —)■ X be the inclusion mapping. Then J is order 
continuous by regularity of Y. By [5l Theorem 1.65], the operator J 
can extended to an order continuous positive operator T: Y^ ^ X. 
We will show that T is a lattice isomorphism from Y^ into X. 

Pick any a G Y^. Take two nets (t/q,) and (za) in Y such that 
0 < t and 0 < Za t a~ in Y^ . Then it is clear that 

Va = Tyo, 4- T(a+) in X. 

Moreover, since ya — Za a in Y^, we have ya — Za = T{ya — Zq) A- Ta 
in X. Also, since a"*" A a“ = 0, we have y^ /\ Za = 0 in Y^ for any a, 
and hence 

Va = iVa - A (Ta)+ in X. 

Therefore, T{a'^) = (Ta)’*' for any a E Y^. It follows that T is a lattice 
homomorphism. 

Suppose now that Ta = 0 for some a E Y^. Since T is a lattice 
homomorphism, we may assume that a > 0. Take (t/q) in Y such that 
0 Y y^ f a in Y^. Then 0 < j/q, = T?/q < Ta = 0, implying |/q, = 0 for 
all a. Hence, a = 0. This proves that T is one-to-one. 

The regularity of Y^ in X follows from the order continuity of T. □ 

Lemma 2.11. Let Y be a regular order complete sublattice of X. Sup¬ 
pose that ya y- X in X for some order bounded net (j/^) in Y and some 
vector X E X. Then x eY and ya y x in Y . 

Proof. Replacing X with X*^, we may assume that X is order complete. 
By Remark [221 x = inf^ sup^>„ yg = sup^, inf^>a yp, where the sup and 
the inf are evaluated in X. Since Y is order complete, the the sup and 
the inf exist in Y ; they have the same values as in X because Y is 
regular in X. It follows that x eY and A x in T. □ 

Corollary 2.12. IfY is a regular sublattice of X then Xa y 0 in Y 
iff Xa y 0 in X for every order bounded net (xa) in Y. 


Proof. If Xa A 0 in T then Xq A 0 in X by Lemma 12.51 For the 
converse implication, suppose that (xq) is an order bounded net in Y 
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and Xq, A 0 in X. By Corollary 12.91 and Theorem 12.101 we may assnme 
that X and Y are both order complete. Now apply Lemma [2.111 □ 

Corollary 2.13. Let Y be a regular sublattice of X. IfY is dense in 
X with respect to order convergence then Y is order dense in X. If, in 
addition, Y is order complete in its own right, then Y is an ideal of X. 

Proof. By Theorem 12.101 Y^ is a regnlar snblattice of X^. We hrst 
show that Y^ is an ideal of X^. Let b eY^ and a G X^ be such that 
0 < a < 6. Denote [0, a] = [z E X^ : 0 < 2 : < a}. By order denseness 
of X in X^, we have a = sup[0,a] fl X in X^. Let x G [0, a] fl X. 
Since Y is dense in X with respect to order convergence, there exists 
a net [ya] in Y such that j/q, A a; in X and, therefore, in X^. Put 
= \ya\ A b. Then (za) is an order bounded net in Y^, and Za x 
in X^. Lemma [2.111 yields x eY^. Therefore, a = sup[0, a] HY^ in X^. 
But again, since [0, a] fl Y^ is order bounded in Y^, its supremum in 
X*^ equals to its supremum in Y^. Hence, a E Y^. This proves that Y^ 
is an ideal of X*^. 

Now pick any x E X_|_ with a: > 0. Since Y is dense with respect to 
order convergence in X, there exists a net {ya) in Y such that ya ^ x 
in X. Then \ya\ A a; -A- a: in X. It follows that z := \yao\ A x > 0 
for some ao- Since Y^ is an ideal, it follows that z E Y^. Using order 
denseness of Y in Y^, we can hnd y E Y such that 0 < y < z < x. 
This proves that Y is order dense in X. 

Finally, note that if Y is order complete, then X = is an ideal of 
X*^ and hence of X. □ 

The “in addition” part also follows from the standard fact that an 
order complete order dense sublattice is an ideal; [5l Theorem 2.31]. 

3. Unbounded order gonvergence and regular sublattices 

Following [I 2 I HH SHI [Ml |26], a net (xq) in a vector lattice X is 
said to converge in unbounded order (uo-converge for short) to 
X E X, written as Xa x, if |Xq, — x| A 1 / A 0 for any y G X_|_; 
(xq) is said to be uo-Cauchy if the “double” net (xq, — Xg)(^a,i 3 ) uo- 
converges to zero. It is easily seen that no-convergence (respectively. 
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uo-Cauchy) coincides with order convergence (respectively, o-Canchy) 
for order bounded nets. But in general, they are very different; for ex¬ 
ample, the sequence (e„) of the standard unit vectors in cq uo-converges 
(to zero), but does not converge in order. We refer to [26117F] for some 
basic properties of uo-convergence and uo-Cauchy. 

Throughout this paper, measures and vector measures are always 
assumed to be countably additive; no finiteness is assumed unless spec- 
ihed otherwise. Given a measure space ((2, S,/i), we write To(/i) for 
the vector lattice of real-valued measurable functions on (2 modulo al¬ 
most everywhere (a.e.) equality equipped with the a.e. order: f > g iS 
f{t) > g{t) for a.e. f G hi. It a standard fact that if a sequence of mea¬ 
surable functions converges a.e. then it converges a.e. to a measurable 
function. It follows easily that To(/i) is cx-order complete. 

Proposition 3.1. For a sequence (xn) in the following are 

equivalent: 

(1) (xn) is uo-convergent; 

(2) [xn) is uo-Cauchy; 

(3) [xn) converges a.e.; 

(4) (xn) is order convergent; 

(5) (xn) is order Cauchy. 

In this case, (xn) is order hounded and the limits in o, m. and (jl]) 
are the same. 

Proof. The implications ([I]) ^([2]), (ll])^([5l), and (11])^([I]) are trivial; 
Proposition 12.31 yields (l5])^(jl]). 

(I2])^(l3l) Suppose that (xn) is uo-Cauchy in To(h) but (xn) is not a.e. 
convergent. It follows that there exists an e > 0 such that the set 

: inf sup \xk(t) — Xi(t)\ > e\ 

L n,m>l ^ 

has positive measure. Since \xn — A 0, we have 

Vn,m-= sup Ixfc - Xil A xa 0 in Lo(Ai)- 

k>n,l>m 

But for any n, m > 1, 

Vn,7n{t) = sup \xk{t) - Xi{t)\ A XA{t) > s for a.e. t e A, 

k>n,l>m 
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implying that Vn,m > ^Xa > 0, a contradiction. 

©^(jl]) Suppose Xn X. Without loss of generality, we may 
assume that x G ho(/r) and, replacing Xn with Xn — x and modifying 
each Xn on a set of measure zero, we may assume that —)■ 0 

for every t E fl. Then sup„|a;„(f)| < oo for every t E fl. It follows 
easily that this pointwise supremum is also the supremum of (|a:n|) 
in To(/i). Therefore, (xn) is order bounded. For every t and n, put 
Zn{t) = sup;i,>„|a;fc(t) |. It is easy to see that Zn = sup;i,>„|a;A;| in To(/x) 
and that Zk(t) 0 for every t. It follows that \xn\ < Zn i ^ xa To(/i); 
hence A 0. □ 

Understanding the relations of uo-convergence in the entire vector 
lattice and in a sublattice is of critical importance to applications of uo- 
convergence; see [26l|27]. In general, uo-convergence may not be stable 
under passing to and from sublattices. The following theorem identihes 
the sublattices for which uo-convergence does pass to and from them; 
this theorem is key to numerous applications of uo-convergence. Cf. 
Theorem 12.81 and Corollary 12.121 

Theorem 3.2. Let Y be a sublattice of a vector lattice X. The follow¬ 
ing are equivalent: 

(1) Y is regular; 

(2) For any net (ya) in Y, ya OinY implies ya 0 in X; 

(3) For any net (ya) in Y, y^ t) in Y if and only if ya 0 
in X. 

Proof. The implication ©^(El) is obvious. To prove that ©^([I]), 
suppose that ?/q, 0 in Y . Applying the fact that uo-convergence 

agrees with order convergence for order bounded nets to a tail of (i/^), 
one can easily obtain 0 in X by ([2]). It follows that Y is regular. 

To prove that ([I])^®, suppose that Y is regular in X. Let {ya) 
be a net in Y such that ya 0 in Y . Since X is regular in X^ , it 
follows that Y is also regular in X^ . Let / be the ideal generated by Y 
in X^. We claim that ya 0 in /. Indeed, £x u G /+. There exists 
2/ G 1+ such that < u < y . By assumption, \ ya \ A 0 in U and, 
therefore, in X*^, because Y is regular in X*^. Furthermore, since / is 
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regular in we have |i/q| A 1/ A 0 in / by Corollary 12.121 It follows 
from 0 < u < y that |i/q,| A u A 0 in /. Therefore, ya 0 in I. It 
now follows from [26l Lemma 3.4] that ya 0 in . Finally, for any 
X G \ya\ A a; A 0 in X^ , and, therefore, in X by Corollary 12.91 so 
that ya 0 in X. 

Conversely, let [ya] be a net in Y such that ya 0 in X. Fix 
u e Y^. Then \ya\ Aw A 0 in X. By Corollary 12.121 |i/„| Aw A 0 in X, 
so that ya 0 in X. □ 

This theorem allows us to drop the order completeness assumptions 
in several known results. Namely, the following three corollaries im¬ 
prove Lemmas 3.4 and 4.5], [541 Theorem 2.2] and [571 Lemma 1.1]. 

Corollary 3.3. Suppose that X is either an ideal of a vector lattice X, 
or an order continuous norm complete sublattice of a normed lattice X. 
Then for a net (ya) in Y, ya 0 m X if and only if ya 0 m X. 

Proof. Simply observe that X is regular in X in either case. □ 

Remark 3.4. Let (f2, S,/x) be a measure space and X be an ideal, 
or more generally, a regular sub lattice, of Lo(/i). Then for a sequence 
{xn) in X, we have Xn 0 in X iff Xn 0 in Lo(/i), iff Xn 0 by 
Proposition 13.11 Similarly, [xn) is uo-Cauchy in X iff {xn) is uo-Cauchy 
in Lo{fi), iff (xn) converges almost everywhere. In the latter case, (xn) 
is uo-convergent in X iff its a.e. limit in Lo(h) belongs to X. 

In particular, this statement holds for Lp(/i) spaces, where 0 < p < 
00, and for Kothe function spaces (cf. [571 Dehnition l.b.7]). This 
shows that the uo-convergence may be viewed as a generalization of 
a.e. convergence. 

Corollary 3.5. Let X be a vector lattice with a weak unit xq > 0. 
Then for a net (xa) in X, Xa 0 m X if and only if |a;Q,| A xq A 0 
in X. 

Proof. Observe that xq is also a weak unit of X^. By Theorem 13.21 
Xq, 0 in X if and only if Xq 0 in X^, and thus by [511 The¬ 
orem 2.2], if and only if |xq| A Xq —> 0 in X*^, which is equivalent to 
|Xq| A Xq 0 in X. □ 
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Corollary 3.6. Let (xn) be a disjoint sequence in X. Then Xn 0 
in X. 

Proof. Since (a;„) is disjoint in X^ , it follows from 1211 Lemma 1.1] that 
Xn 0 in and therefore, in X by Theorem 13.21 □ 

Recall that a Banach lattice X has the Positive Schur Property 
(PSP) if 0 < 0 implies —)■ 0 (in norm). The following 

theorem was proved in [261 Theorem 3.12] for a-order complete spaces. 
We use Corollary 13.61 to drop the a-order completeness condition. 

Theorem 3.7. A Banach lattice has the PSP if and only if Xn q 
implies —>■ 0 m norm for every sequence {xn). 

Proof. If X has the PSP then X contains no copy of Cq, so that X is 
order continuous and, therefore, order complete. The result now follows 
from [26l Theorem 3.12]. Conversely, suppose that Xn 0 in X 
implies ||a;„|| —)■ 0. Again, it suffices to prove that X is order continuous; 
it will then follow from [26l Theorem 3.12] that X has the PSP. Let 
(xn) be an order bounded positive disjoint sequence. It is easy to see 
that Xn 0. By Corollary 13.61 Xn 0. Thus, by the assumption, 
Xn 0 in norm. This yields that X is order continuous. □ 

Remark 3.8. In [3 Definition 5.1], the authors introduce the Wm 
property for an r.i. space X on [0,1] as follows: X is said to have the 
Wm property if t 0 whenever x„ 0 (i.e., (x„) converges to zero 
weakly and in measure). We claim that this property is equivalent to 
the PSP. Indeed, suppose that X has the PSP; let x„ 0. Then 
every subsequence of (x^) has a further subsequence which converges 
to zero a.e.; hence, it is uo-null by Remark 13.41 and is, therefore, norm 
null by Theorem 13.71 It follows that x„ —)■ 0, so that X has the Wm 
property. The proof of the converse implication is similar. 

We now introduce a useful way of translating uo-convergence to order 
convergence, which is often easier to work with. Recall from [U Def¬ 
inition 7.1] that a vector lattice is said to be a-laterally complete 
if every disjoint sequence has a supremum. The following elegant re¬ 
sult is mentioned as a comment in [42] and is formally proved in [Ml 
Theorem 3.2]. 
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Theorem 3.9. [121 El] A sequence (xn) in a a-order complete and 
a-laterally complete vector lattice X is uo-null iff it is order null. 

Modifying the proof in jM], we obtain the following result; cf. Propo¬ 
sition EH 

Theorem 3.10. A sequence (xn) in a a-order complete and a-laterally 
complete vector lattice X is uo-Cauchy iff it is o-convergent. 

Proof. Observe that only the necessity part needs proof. Let (x„) be 
uo-Cauchy in X. It suffices to show that (xn) is order bounded because 
in this case, {xn) would be o-Cauchy and thus be o-convergent by 
Proposition 12.31 In view of [5H Lemma 3.1], we may assume that 
X has a weak unit e > 0. 

For any x > 0, denote by the band generated by x and by 

Px the band projection onto B^. Put e^ = Px&- [SH Theorem 2.8] 
states that for a net (oq) in one has Oq, 0 iff e(ao,-ne)+ 0 
for every n. It thus follows that eQxm-xn\-e)+ A 0 as {m,n) —)■ oo, 
and, therefore, mfn,m>isnp^.y^iy^eQxk-xi\-e)+ = 0, or equivalently, 
inf„>i sup^,>;>„ e(|a;j,_ 3 ;;|_e)+ = 0, which can be reformulated as 


dn •— sup eQxf;—xi\—e)+ f 0. 


k>l>n 


Put ei = e — di and e„ = dn-i — dn for n > 2. We claim the following 
three properties of Bgfs and Pejs: 

(1) Befs are disjoint. Indeed, it follows from [H Theorem 1.49] that 
e„’s are components of e and are disjoint. Hence, Bejs are disjoint. 



Pe-d^x t X by 13 Theorem 1.48]. 

(3) For each n, has an upper bound bn in Pe„- Observe 

first that Pe-e^+ (x 4- e) < e for any x G X. Indeed, since Bx+ = 
we have x < x+ = Pe^+ (x) < Pe^^ (x -|- e), and so 



(x -|- e) = (x -|- e) — Pe^_^ (x -|- e) < e. 


Now for any m > n, we have 



Xm 


- Xn\ < e. 
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and thus 


Xn\ Pp^ Pp — ^n\ Pp^^ 


Consequently, 


Ppjxml < e„ + Pejxnl for auy m>n. 


The desired result follows immediately. 

Finally, since 6„’s are disjoint by (1), the supremum b := sup„ 6^ 
exists in X. For any m > 1, since X]r=i Pei\xm\ = Vr=i Pei\xm\ < b for 
any n, we have, by (2), that \xm\ <b. □ 


Remark 3.11. The proof of Theorem 13.91 in [3l] and our proof of 
Theorem l3.10l both utilize [Ml Theorem 2.8], which is stated in [M] only 
for order complete vector lattices. However, it can be easily verified 
that its proof in [M] remains valid for countably indexed nets in cr-order 
complete vector lattices. 


For a vector lattice X, denote by X“ its universal completion, 
cf. [H Dehnition 7.20]. We would like to thank J.J. Grobler for sug¬ 
gesting a variant of the following result to us. 

Corollary 3.12. A sequence {xn) in a vector lattice X is uo-null in X 
iff it is o-null in it is uo-Cauchy in X iff it is o-convergent in X“. 

Proof. Observe that X is order dense and thus is regular in X“. Apply 
Theorem 13.21 and then Theorem l3.9l or Theorem 13.101 respectively. □ 

We present an application of Corollary 13.121 which asserts that uo- 
convergence is preserved under taking Cesaro means. 

Corollary 3.13. Let {xn) he a sequence in a vector lattice X. If (xn) 
is uo-null (respectively, uo-Cauchy) in X then so are its Cesaro means. 

Proof. By Corollarv l3.121 it suffices to prove that if [xn) is o-convergent 
in X“ then its Cesaro means o-converge to the same limit in X“. This 
follows immediately from the lemma below. □ 

Lemma 3.14. Let (xn) be a sequence in a a-order complete vector 
lattice X. If Xn ^ 0 then the Cesaro means of (xn) converge in order 
to zero. 
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Proof. Since X is cx-order complete, by Remark 12.21 we can find a se¬ 
quence iun) such that Wn i 0 and \xn\ < Un for every n. Let kn be the 
integer part of \/n. Then 


i 

n 



2=1 


i 1 2 1 2 = ^77, 


because ^ui f 0 and Uk^ f 0. 


□ 


We end this section with an interesting result that will be needed 
later. A subset A of a vector lattice X is said to be uo-closed (re¬ 
spectively, o-closed) in X, if for any net C A and x ^ X with 
Xa X (respectively, Xa A x) in X, one has x E A. 


Proposition 3.15. Let X be a vector lattice and Y a sublattice of X. 
Then Y is uo-closed in X if and only if it is o-closed in X. 


Proof. The “only if” part is straightforward since order convergent nets 
are uo-convergent. 

For the “if” part, suppose Y is order closed, and let (i/a) C Y and 
X E X he such that yo, ^ x in X. Then y^ in X by [261 

Lemma 3.1]. Thus, without loss of generality, we assume (i/a) C 1^+ 
and X E X+. Observe that 

(1) for every 2 ; E X+, we have \yaPz — xAz\ < \ya — x\Az 0 in X. 

It now follows that, for any y E X+, yaAy-^xAyinX. Since Y is 
order closed, x Ay E Y for any y eY+. On the other hand, given any 
0 < z E Y'^, we have ya A z = 0 for all a, so that (D yields x A z = 0. 
Therefore, x E which is the band generated by Y in X. It follows 
that there is a net {zy) in the ideal generated by Y such that h < zyf x 
in X. Furthermore, for every f3 there exists wg eY such that zg < wg. 
Then x> WgAx> ZgAx = Zgf x in X, and so A x x in X. 
Since wg A x E Y and Y is order closed, we get x eY. □ 


4. AL-representations 

In general, uo-convergence is difficult to handle as it is defined via 
“local” order convergence. Difficulties occur especially when dealing 
with interactions of uo-convergence and a topological convergence. In 
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[261 EZ], uo-convergence was stndied nsing AL-representations indnced 
by certain strictly positive fnnctionals on the space. 

Let X be a vector lattice; let Xq be a strictly positive fnnctional 
on X. Define ||x|| 2 , := a;g(|a;|) for any x & X. Then H-Hi, is a norm 
on X. Let X be the norm completion of (X, IHIl)- Then (X, |1-||l) is 
an AL-space in which X sits as a norm dense snblattice. 

In this section, we farther discnss AL-representations. We improve 
some of the resnlts in [221 Snbsection 2.2] as we now drop the order com¬ 
pleteness condition. In particnlar, we show that an AL-representation 
preserves no-convergence if and only if the strictly positive fnnctional 
is order continnons. 

Theorem 4.1. Let X be a vector lattice with a strictly positive func¬ 
tional Xq. The following four statements are equivalent. 

(1) Xq is order continuous on X. 

(2) X is a regular sublattice of X. 

(3) X is an order dense sublattice of X. 

(4) For any net (xa) in X, Xa 0 in X if and only if Xa 0 
in X. 

If, in addition, X is order complete, then (l)-(f) are equivalent to the 
following: 

(5) X is an ideal in X. 

Proof. The eqnivalence of (E]) and (jlD follows immediately from Theo¬ 
rem [3]2l Let {xa) be a net in X such that Xq, 0 in X. Since X is an 
AL-space and is, therefore, order continnons, it follows that Xq, J, 0 in X 
if and only if Xq(xq,) = ||xq,||l 0. This proves the equivalence of ([T]) 

and ([2]). Observe that X is norm dense in X and thus is dense in X with 
respect to order convergence; cf. [26l Lemma 3.11]. The equivalence of 
(E]), ([3]) and (5) now follows immediately from Corollary 12.131 □ 

Note that the implication ([I])^(5) in Theorem 14.11 is also proved in 
m Proposition 2.4.16] using Nakano’s Theorem [HI Theorem 1.4.14]. 

Remark 4.2. Let X be a vector lattice with a strictly positive order 
continuous functional Xq. Since X is an AL-space, Kakutani’s Rep¬ 
resentation Theorem and Theorem 14.11 yield that X can be identified 
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as a regular sublattice of Li(/r) for some measure /i. The converse is 
also true. Namely, a vector lattice is lattice isomorphic to a regular 
sublattice of some Ti(/r) iff it admits strictly positive order continuous 
functionals. It is also easily seen that a vector lattice is lattice iso¬ 
morphic to an ideal of some Ti(p) iff it is order complete and admits 
strictly positive order continuous functionals. Cf. [26l Subsection 2.2]. 

Remark 4.3. Let X be a vector lattice with a strictly positive order 
continuous functional Xg. Suppose, in addition, that X has a weak 
unit xq. Then xq is also a weak unit of X because X is order dense 
in X. In this case, Kakutani’s Representation Theorem guarantees that 
one could choose /i to be a hnite measure and xq could correspond to 
the constant 1 function. Furthermore, assume, in addition, that X is 
order complete. By Theorem 14.11 we may view X as an ideal in 
By the preceding observation, X contains 1 and, therefore, X contains 
Loo(f), so that Looifi) C X C Li(/x), where both inclusions represent 
order dense ideals. 

Variants of the representation Loo(/^) ^ X Li(/i) have been ex¬ 
tensively used in literature, see, e.g., 133 Theorem l.b.l4] and |45l 
Theorem 2.2]. Contrary to what is claimed in some of the literature, 
the following example shows that the assumption that the functional 
Xq is order continuous cannot be omitted if one wants X to contain 

^oo (h") • 

Example 4.4. Let X = ioo- Clearly, X is order complete and has 
a weak (even a strong) unit. Fix a free ultrafilter W on N. By [H 
Lemma 1.59(4)], lim^^x^ exists for any x = (x„) G X. We denote the 
limit by y*{x). By [3 Lemma 1.60], y* is a linear functional on X. It is 
also easily seen from [U Definition 1.58] that y* is a lattice homomor¬ 
phism on X; in particular, it is positive. Put z*{x) = fS') and let 

Xq = y* + z*. Since z* is strictly positive, so is Xg. 

Let X be the Li-representation for X and Xg. We claim that X may 
be identified with Li(D,/i) where D = N U {c)o} and y is defined by 
/i({n}) = 2“"' for every n G N and /r({cxo}]) = 1. Indeed, let 

Xg = |/ G Loo(/^) : /(oo) = y*{x) where x = (/(n))^^^^}. 
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Consider the map T : X ^ Xq given by {Tx){n) = Xn and {Tx){oo) = 
y*{x). Clearly, T is a linear bijection. Since y* is a lattice homomor¬ 
phism, Xq is a sublattice of Li[y) and T is a lattice isomorphism. 

Note that a;o(|a;|) = ||Ta;||i^ for every x E X. Thus, in order to prove 
that X is lattice isometric to Ti(p), it is left to show that Xq is norm 
dense in Ti(/i). Let u E Li(/i) be the characteristic function of {cxd}. 
Then u E Xq. Indeed, for every n, dehne /„ E Xq as follows: fn{k) = 0 
when k < n, fnik) = 1 when k > n, and /^(oo) = 1. Then /„ —)■ m in 
Li(/i), so that u E Xq. Now for every / G Ti(/i), we have f = g + \u 
for some g E Xq which agrees with / on N and some appropriate A G R. 
It follows that f E Xq. Thus, Xq is dense in Ti(p). 

We have thus proved that X can be identihed with Ti(p,); with X 
corresponding to Xq. Now note that u G Loo{y), yet u ^ Xq, hence 
Loo(/i) is not contained in Xq. 

Note also that if 0 < g < u for some g E Xq then g = ff. It follows 
that Xq is not order dense in Ti(/i). Theorem 14.11 and the remarks 
after it do not apply here because y* (and, therefore, Xq) is not order 
continuous, which can easily be verified directly. 

We will repeatedly use the following standard fact; see e.g., m 
Proposition l.b.15]; see also ^Ol Theorem 3]. 

Proposition 4.5 ([37]). Every order continuous Banach lattice with a 
weak unit admits a strictly positive functional. 

Remark 4.6. Let X be a Banach lattice such that every principal 
band in X admits a strictly positive order continuous functional. (By 
Proposition 14.51 this is satished for order continuous Banach lattices.) 
Take any sequence {xn) in X. Let R be a principal band containing 
(xn)- For example, one can take B = B^^ where Xq = 2 ^^\x || • 

assumption, B admits a strictly positive order continuous functional Xq. 
Let Li(/i) be an AL-representation for {B, Xq). Since B has a weak unit, 
we may chose p to be a probability measure (by scaling Xq). Combining 
Theorem I4.1IH1) with Remark [TH we get x„ 0 in X iff x„ 0 in R 
iff Xn 0 in Li(/r) iff x„ 0 in Li(p). Similarly, (x„) is uo-Cauchy 
in X iff [xn) converges a.e. to some measurable function. 
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The following proposition is an application of this technique. 

Proposition 4.7. Let X be a Banach lattice such that every principal 
band admits a strictly positive order continuous functional. // 0 < 
Xn A 0 then 0 for some subsequence (x„j,). 

Proof. Let Xq and Li(/r) be as in Remark 021 It follows from Xo(x„) —)■ 
0 that [xn) converges to zero in norm in Li{p). Then there is a subse¬ 
quence {xn^) such that 0. It follows that Xr^. 0 in X. □ 

The following is a special case of Corollary 13.131 but the proof is now 
much simpler. 

Example 4.8. Let X be a Banach lattice in which every principal band 
admits a strictly positive order continuous functional. If (x„) is uo-null 
(respectively, uo-Cauchy), then so are its Cesaro means. Indeed, by 
Remark 14.61 it suffices to observe that the statement is true for a.e. 
convergence in Li(p). 

There is also a way of representing Banach lattices as Li-spaces 
of functions which are integrable with respect to a vector measure. 
One can thus dehne almost everywhere convergence of sequences in 
the lattice with respect to the associated vector measures. We claim 
that this so-de£ned almost everywhere convergence is also equal to uo- 
convergence and is thus independent of the choice of vector measure. 

A systematic study of vector measures on (5-rings and integration 
over such vector measures can be found in [38l |39]; in particular, we 
refer to [38l Section 2] for basic dehnitions and properties. Let TZ be 
a (5-ring of subsets of and u: TZ ^ Y he a. vector measure, where Y 
is a real Banach space. Let TZ^°'^ be the (T-algebra of all sets B such 
that B n A ^ TZ for every A G 77. The variation of u is the countably 
additive measure |i/|: 77^“ [0, oo] dehned by 

n 

|z/|(A) = sup|^||i/(Ai)|| : (Ai)i is a disjoint sequence in 77 fl 2"^|. 

i=\ 

A i^-null set is a set A in 77^“ such that |p|(A) = 0, or equivalently, 
v{B) = 0 for any subset B oi A that is contained in 77. 
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Let Lq{i>) be the vector lattice of all measurable real functions 
(modulo z/-a.e. equality), endowed with the order: / > iff f{t) > g(t) 
except on a z/-null set. That is, = Lo(|z^|). Let L'^iv) be the 

Banach lattice of all / in Lq{v) such that 

ll/ll := sup /"l/l ci||/V| < cx); 
y*^BY* J 

here \y*y\'- —)• [0, oo) is the variation of y*^: TZ ^ R. Given 

/ G we say that / is i/-integrable and write / G Li(i/) if for 

every A G 71^°^ there exists a vector in Y, denoted f du, such that 


y 


* 




= / fdy*iy 


for all y* &Y*. 


Theorem 2.1.2 in |32] asserts that Li{u) is the order continuous part 
of L'^{v)- We refer to |32] for basic properties of L^iy) and L^iv). 

It was proved in m [15] that an order continuous Banach lattice 
X with a weak unit is lattice isometric to for a vector measure 

u dehned on a cx-algebra. It was later extended to spaces without a 
weak unit in HUES; in this case, one has to consider a vector measure 
dehned on a (5-ring instead of a (j-algebra. Namely, a Banach lattice 
X is order continuous iff it is lattice isometric to Li{u) for a vector 
measure i/ on a 5-ring. Given such a space X represented as Li(z/) and 
a sequence (x„) in X, we say that the sequence //-almost everywhere 
converges to a function x if Xn(t) x(t) except on a //-null set. Note 
that X need not be an element of X. 

Our aforementioned claim is verihed by the following proposition and 
the subsequent paragraph. 


Proposition 4.9. Let Y be a Banach space, TZ be a 6-ring of sets of 
G and u: TZ ^ Y be a vector measure. Let X be a regular sublattice of 
Lo(//) and (xn) be a sequence in X. Then Xn Q iff Xn 0 in X, 

and (xn) converges v-a.e. if and only if (xn) is uo-Cauchy in X. 

Proof. In view of Theorem 13.21 we may assume X = Lo(//). As a vector 
lattice, Lo(//) is nothing but Lo(|//|). Now apply Proposition 13.11 □ 
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This proposition applies to T^(z/) and Li{i/) becanse they both are 
ideals of Lq{v). This resnlt also shows that the concept of a.e. conver¬ 
gence in X is independent of a specihc representation of X as Li{v). 

5. Komlos properties 

The property described in Komlos’ Theorem 11.11 has been exten¬ 
sively stndied by varions authors (see, for example, P El EHl EHl EEl 
Ellinilal]), mainly due to its numerous applications in many areas of 
mathematics, including probability theory, function theory, and math¬ 
ematical economics. In this section, we study the property for general 
Banach lattices. We show that this property may be extended from 
Li(p) to a very large class of Banach lattices; in particular, to order 
continuous Banach lattices. The version (Theorem 15.9p we establish 
here is intrinsic and measure-free due to the use of uo-convergence. As 
will be seen, it also covers and unihes the main results of [T 6 l |3T] . 

Definition 5.1. A Banach lattice X is said to have the Komlos prop¬ 
erty if for every norm bounded sequence (a:„) in X there exists a sub¬ 
sequence iyn) and a vector y in X such that the Cesaro means of every 
subsequence of (?/„,) uo-converge to y. More generally, we say that X 
has the pre-Koml6s property if every norm bounded sequence {xn) 
in X admits a subsequence (j/„) such that the Cesaro means of any 
subsequence of (?/„) are uo-Cauchy in X. 

Example 5.2. A Banach lattice which fails the pre-Koml6s property. 
Let X = £oo(r); where T is the collection of all sequences in N. Apply¬ 
ing Remark 13.41 to the counting measure on T, we see that a sequence 
in £oo(r) is uo-Cauchy if and only if it is convergent coordinatewise. 
Take a sequence (a*,) in [— 1 , 1 ] such that its Cesaro means are divergent 
in R. For any n, dehne G ^oo(r) as follows: given 7 = (n^) G T, 
put Xn{'y) = 0 if n ^ 7 and x„(7) = if n = ua, G 7. Now for any 
subsequence (xn,.) of (xn), the Cesaro means of {xn^) at the coordinate 
7 = (nk) are the same as the Cesaro means of (oa,), and hence diverge 
in R. It follows that the sequence of the Cesaro means of (xn^.) is not 
uo-Cauchy in £00 (C). 
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Example 5.3. (^[0,1] fails the Komlos property. Indeed, for each n, 
define fn G C[0,1] so that /„ eqnals one on [0, |], vanishes on [| + 1], 

and is linear on [|, ^ + ^]. It is easy to see that Cesaro means of every 
snbsequence of (/„) decrease and converge pointwise to the character¬ 
istic fnnction of [0, |] and, therefore, neither converge in order nor uo- 
converge. Note that, however, the Cesaro means of every snbsequence 
of {fn) are uo-Cauchy. 

We do not know whether (^[0,1] has the pre-Komlos property, or 
more generally, when C{K) has the pre-Komlos property. 

The Komlos property clearly implies the pre-Komlos property but 
the reverse implication fails in general. 

Example 5.4. cq has the pre-Komlos property hut fails the Komlos 
property. Indeed, let {xn) be a norm bounded sequence in cq. A stan¬ 
dard diagonal process yields a subsequence (j/„) of {xn) which is coor- 
dinatewise convergent. The Cesaro means of any subsequence of (?/„) 
are coordinatewise convergent and hence are uo-Cauchy by Remark 13.41 
(applied to the counting measure on n). Consequently, cq has the pre- 
Komlos property. Now let (e^) be the standard basis of cq, and put 
fn = Clearly, the Cesaro means of any subsequence of (/„) 

converge coordinatewise to (1,1,1,...). Since uo-convergence is the 
same as coordinatewise convergence in cq, it follows that the Cesaro 
means of no subsequence of (/„) are uo-convergent in cq. Hence, cq 
fails the Komlos property. 

A Banach lattice is said to be boundedly uo-complete (respec¬ 
tively, sequentially boundedly uo-complete) if every norm bounded 
uo-Cauchy net (respectively, sequence) is uo-convergent. We will use 
the following two facts. 

Theorem 5.5. [26l Theorem 4.7] An order continuous Banach lattice 
X is a KB-space iff it is (sequentially) boundedly uo-complete. 

Theorem 5.6. [23 Theorem 2.2] The dual space of an order continu¬ 
ous Banach lattice is boundedly uo-complete. 

Proposition 5.7. Every (sequentially) boundedly uo-complete Banach 
lattice is order complete (respectively, a-order complete). 
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Proof. Let {xa) be an increasing order bonnded positive net in a bonnd- 
edly no-complete Banach lattice X. Then (xa) is order convergent in 
the order completion and, therefore, is order Canchy in X^. It 
follows from Corollary 12.91 that (xq,) is order Canchy, and, therefore, 
no-Canchy in X. By assnmption, (x^) no-converges to some x E X. 
Since (xq,) is order bonnded, we have Xq, x. The order limit x is 
easily seen to be the snpremnm of (xq) in X. 

The proof of the seqnential version is similar. □ 

The converse is false: cq is order complete, yet it is not seqnentially 
bonndedly no-complete. 

Proposition 5.8. A Banach lattice X with the Komlos property is 
sequentially boundedly uo-complete. 

Proof. Let (x„) be a bonnded no-Canchy seqnence in X. By Corol¬ 
lary 13.121 there exists a vector x G snch that x„ x in 
Again by Corollary 13.121 it snffices to show that x E X. The Komlos 
property yields a snbseqnence (?/„) of (x„) and a vector y E X snch 
that y ^^cl; therefore, ^Y^fyi y in X“. Since 

A X in Lemma 13.141 yields ^ YliVi a; in It follows that 
X = y E X. □ 

This proposition provides another reason why C[0,1] fails the Komlos 
property; cf. Example 15.31 Note that in Example 15.21 the space ^oo(r) 
is seqnentially bonndedly no-complete by Remark 13.41 this illnstrates 
that the converse of this proposition is false in general. We can now 
present a convenient criterion for determining when a Banach lattice 
has the Komlos or the pre-Komlos property. 

Theorem 5.9. Let X be a Banach lattice such that every principal 
band in X admits a strictly positive order continuous functional. Then 
X has the pre-Komlos property. Moreover, X has the Komlos property 
iff it is sequentially boundedly uo-complete. 

Proof. Let (x„) be a norm bonnded seqnence in X. Let B and Li(/i) be 
as in Remark 14.61 Since {xn) is also norm bonnded in Li(/i), Komlos’ 
Theorem 11.11 yields a snbseqnence (j/„) of (x„) snch that the Cesaro 
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means (sm) of any subsequence of (?/„) converge almost everywhere to 
some g E -Li(ju). It follows from Remark 14.61 that (s^) is uo-Cauchy 
in X. This proves that X has the pre-Komlos property. 

Suppose that X is also sequentially uo-complete. By the preceding 
paragraph, Sm g in Li{g) and (sm) is uo-Cauchy in X. It follows 
that Sm s for some s E X. Proposition 13.151 yields s E B. By 
Remark 14.61 Sm s in Ti(/i). It follows that s equals g and does 
not depend on the choice of a subsequence. Thus, X has the Komlos 
property. The other direction follows from Proposition 15.81 □ 

Corollary 5.10. If a Banach lattice admits a strictly positive order 
continuous functional then it has the pre-Komlos property. 

Example 5.11. loo has the Komlos property. Indeed, loo admits an or¬ 
der continuous strictly positive functional; it is boundedly uo-complete 
by Theorem 15.61 

Remark 5.12. In [iQl Theorem 3], the author identihes a large class 
of Banach lattices which admit strictly positive order continuous func¬ 
tionals. By Theorem 15.91 these spaces have the pre-Komlos property. 

Proposition 5.13. Let X be a Banach lattice which, as a vector lattice, 
is a regular sublattice of an order continuous Banach lattice Y. Then 
X has the pre-Komlos property. Moreover, X has the Komlos property 
iff it is sequentially boundedly uo-complete. 

Proof. Due to regularity, every principal band in X is contained in a 
principal band of Y and thus admits a strictly positive order continuous 
functional; cf. Proposition 14.51 Apply Theorem 15.91 □ 

The following simple characterization of the Komlos property for 
order continuous Banach lattices is an immediate consequence of this 
proposition and Theorem 15.51 Cf. Example 15.41 

Corollary 5.14. Let X be an order continuous Banach lattice. Then 
X has the pre-Komlos property. Moreover, X has the Komlos property 
iff it is a KB-space. 

We observed in Example 15.111 that loo has the Komlos property; 
yet it is not a KB-space. Hence, the order continuity assumption in 
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Corollary 15.141 cannot be weakened to order completeness. The follow¬ 
ing proposition shows that to verify the Komlos property in an order 
continnons Banach lattice, one does not have to consider “fnrther snb- 
sequences”. 

Corollary 5.15. An order continuous Banach lattice X has the Komlos 
property iff every norm bounded sequence in X has a subsequence whose 
Cesdro means are uo-convergent in X. 

Proof. The forward implication is trivial. Suppose X fails the Komlos 
property. By Corollary 15.141 X is not a KB-space, so that X contains a 
lattice copy of cq. Without loss of generality, assume that cq C X. Let 
(fn) be as in Example 15.41 Then by assumption, (/„) has a subsequence 
whose Cesaro means uo-converge to some x G X. Note that a norm 
closed sublattice of an order continuous Banach lattice is order closed, 
and hence is no-closed by Proposition 13.151 Therefore, x G Cq. Since 
the Cesaro means uo-converge to x in X, they uo-converge to x in cq 
by Corollary 13.31 This contradicts Example 15.41 □ 

5.1. Komlos property in function spaces. Variants of the Komlos 
property in function spaces have appeared in [lEllHT], where the authors 
defined the Komlos property with respect to a measure in [16] and a 
vector measure in [31]. We will show that many of the results in [T61I3T] 
may be viewed as special cases of our Theorem 15.91 and its corollaries. 
Recall that Remark 13.41 and Proposition 14.91 imply that, for a sequence 
{xn) in a regular sublattice of Lq{p) or Lq^o), (x„) is a.e. convergent 
iff it is uo-Cauchy; (x„) is a.e. null iff it is uo-null. Recall also that 
Lo{u) = Lo{\u\) and \u\ is a measure dehned on a a-algebra; a set is 
i/-null if it is |z/|-null. Thus, the Komlos properties defined in both 
coincide with our notion of Komlos property. 

Let X be a Banach lattice which is a regular sublattice of Lo(h); 
where /r is a measure, or of Lo{i>), where z/ is a vector measure on a 
5-ring. Recall that X is said to have the weak a-Fatou property 
when for every increasing positive norm bounded sequence (x„), if (x„) 
converges a.e. to some measurable function x, then x G X. 
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Proposition 5.16. Let X he a Banach lattice which is a regular sub¬ 
lattice o/Lo(/i), where n is a measure, or of Lq^u), where u is a vector 
measure on a 5-ring. Then X has the weak a-Fatou property iff X is 
seguentially boundedly uo-complete. 

Proof. Suppose that X is sequentially boundedly uo-complete; let (a;„) 
be a positive increasing norm-bounded sequence and Xn x for some 
measurable function x. Then (xn) is uo-Cauchy in X and thus is uo- 
convergent to some y E X hj assumption. Clearly, [xn) a.e. converges 
to y. It follows that x = y E X. 

Conversely, suppose that X has the weak cr-Fatou property. We 
claim first that X is cr-order complete. Indeed, let 0 < Xn a: in X. 
Then {xn(t)) converges a.e., so that we can put xo(t) = sup„a;„(t). 
By assumption, xq E X. It is also clear that Xn t -^o and thus 

in X by Corollary 12.121 This proves the claim. Now let {xn) be a 
bounded uo-Cauchy sequence in X. It follows from Xn = xf — x~ that 
we may assume that > 0 for every n. We have Xn x for some 
measurable function x. For each n, define yn = inffc>„a:fc. Since X is 
a regular sublattice of Lq, it follows that in the definition of yn, the 
infimum taken in X is the same as that taken in Lq, or, equivalently, 
taken pointwise. It now follows from Xn x that yn x. Clearly, 
yn t- By assumption, this yields x E X. □ 


Thus, one may view sequential bounded uo-completeness as a gener¬ 
alization of the weak a-Fatou property from function spaces to general 
Banach lattices. We can now relate our results to [311 Theorem 1.1], 
which is stated as the main result of [31] and asserts that if a Banach 
lattice X is an ideal in Li{v), where z/ is a vector measure on a h-ring, 
then X has the Komlos property iff it has the weak a-Fatou property. 
In view of Proposition 15.161 this result is a special case of our Propo¬ 
sitions (STSl Moreover, our result applies not only to ideals of Ti(z/) 
but also to regular sublattices of Lp{i/) (1 < p < oo); simply note that 
Lp{v) (1 < p < cxd) is an order continuous Banach lattice and an ideal 
of Lq^u) (cf. [321 Chapter 3]). 
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Next, we will relate our results to the results of [IB] on the Komlos 
property in certain function spaces over measure spaces. As we men¬ 
tioned earlier, the dehnition of the Komlos property in [16] agrees with 
our dehnition. We introduce two large classes of function spaces which 
include the spaces considered in [16], and we will show that our The¬ 
orem 15.91 applies to these spaces. This will imply the main results 
of [T6] . 

Definition 5.17. A generalized Kothe function space over (12, S, /i) 
is a regular sublattice of To(p) endowed with a complete lattice norm 
II'll such that 12 admits a countable partition (12„) into measurable sets 
with \x\dg < oo for each n and each x E X. 

This class includes Kothe function spaces (see Dehnition l.b.l7 in 
EH). However, in contrast to Kothe function spaces, we do not require 
that /i be cr-hnite, or that X be an ideal of To(/i), or that xa he in 
the space for every A G S with hnite measure. For example, Ti(/i) is 
a generalized Kothe function space for any measure p. 

For a vector lattice X, we write for the band of all order contin¬ 
uous functionals in (in literature, it is often denoted by X^). 

Proposition 5.18. Every generalized Kothe function space admits a 
strictly positive order continuous functional. 

Proof. In the notation of Dehnition 15.171 let lo...(x) = xdg. Clearly, 
each ipn is a positive and, therefore, a bounded functional on X; as well, 
it is order continuous on X because integration is order continuous on 
Li(12„). The series tp := ^nPn converges provided that 0 < A„ I 0 
sufficiently rapidly. It is clear that (p is a strictly positive functional 
on X. Since is closed, p is order continuous. □ 

Proposition 5.19. Let (12, S,/i) he a a-finite measure space and X he 
a Banach lattice which is an ideal of Lq^p). Then X admits a strictly 
positive order continuous functional. 

Proof. Observe hrst that every disjoint collection of nonzero vectors 
in Lo(/i)+ is at most countable. Indeed, let D be such a collection. 
Write 12 = U^i where /i(12„) < oo for each n. Put Dn = {d E 
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D : d A xn„ > O}. Since D is disjoint, we have, for any distinct 
di, • • •, dfc G -Dri) 

k k 

: diAxnS^) > 0}) = : diAxu^t) > O}) < /i(fin) < oo. 

i=l i=l 

Thus, in view of the fact that : d A Xn^it) > 0}) > 0 for each 
d G Dn, it follows easily that Dn is at most countable. Therefore, 
D = IJ^ Dn is also at most countable. 

Let A be a maximal disjoint collection of non-zero positive function¬ 
als in We claim that A is at most countable. Indeed, for any dis¬ 
tinct /, (7 G A, their carriers Cf and Cg are disjoint bands by Nakano’s 
Theorem [5l Theorem 1.67]. For every / G A, pick 0 < Xf E Cf. Then 
the collection {xj : / G A} is a disjoint collection in X and, therefore, 
in hence is at most countable by the preceding claim. It follows 

that A is at most countable. 

By Lozanovsky’s Theorem [H Theorem 5.25], X^^ separates the points 
of W. It follows that A 7 ^ 0. Write A = {fn}n>i- Put / = TTM' 

Since is closed, / G Since A is maximal, it follows that / is a 
weak unit of It is left to show that / is strictly positive. Suppose 
not, then f{xo) = 0 for some Xq > 0, so that for any 0 < g E we 
have g{xo) = hm„( 5 f A n/)(xo) = 0. This contradicts the fact that 
separates the points of X. □ 

Remark 5.20. Under the assumptions of Proposition 15.191 since 
separates the points of X, it follows easily from Nakano’s Theorem [5l 
Theorem 1.67] that an order continuous functional is strictly positive iff 
it is a weak unit of Thus, Proposition 15.191 is essentially equivalent 
to [H Corollary 5.27]. While the proof of [U Corollary 5.27] there is very 
function theoretical, our proof is more direct and functional analytic 
in nature. 

The following result now follows immediately from Theorem 15.91 
Propositions 15.181 and 15.191 and Proposition 15.161 

Corollary 5.21. Let X be either a generalized Kothe function space 
over a measure space, or a Banach lattice which is an ideal of Lo{fi) for 
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a a-finite measure fi. Then X has the pre-Komlos property. Moreover, 
X has the Komlos property iff it has the weak a-Fatou property. 

In [161 Section 2 and Definition 3.2], the authors consider so called 
finitely integrable and weakly finitely integrable Banach function 
spaces. Since every positive functional on a Banach lattice is bounded, 
it can be easily verihed that every hnitely integrable space is a Kothe 
space (namely, hnite integrability equals local integrability); hence it 
is a generalized Kothe space. Furthermore, every weakly hnitely inte¬ 
grable space is also a generalized Kothe space. Indeed, let D^’s and 
wfs be as in m Dehnition 3.2]. Put := {f G : Wn{t) > l}, 
and for k > 2, put := {f G ^ < Wn{t) < Then 

{fln)n,k is a countable partition of D into measurable sets (adding, if 
necessary, a set of measure 0), and for each n,k > 1 and each x G X, 
J^k\x\dy < J^Jx\kwndy < oo. Note that for a weakly hnitely in¬ 
tegrable Banach function space, the underlying measure has to be a- 
hnite. 

It is clear that Theorem 3.1 and Corollary 3.3 in [16] follow from 
either case of Corollary 15.211 

5.2. Komlos sets. We now study the converse of the Komlos Theo¬ 
rem [ITl The following dehnition is inspired by [36] . 

Definition 5.22. A subset C of a Banach lattice X is called a Komlos 
set if for every sequence (x„) in C there is a subsequence (xn^.) of (x„) 
and X G C such that the Cesaro means of any subsequence of (x^^,) 
uo-converge to x in X. 

[36l Theorem 2.2] asserts that every convex Komlos set in Lfip) is 
norm bounded when /i is a a-hnite measure. This interesting property 
was later generalized to some other Banach function spaces in [I6] . We 
now recover this result for more general Banach lattices. 

Recall that a vector lattice X has the projection property if every 
band in X is a projection band. It is well known that every order 
complete vector lattice has the projection property. 
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Theorem 5.23. Let X be a Banach lattice with the projection property. 
If is a norming subspace of X* then any convex Komlos set C in 
X is norm bounded. 

Proof. Let C* be a convex Komlos set in X. Suppose first that X has a 
weak unit. Since is a norming subspace of X*, it suffices to show 
that x*{C) is bounded for every x* G X~. Since X~ is a band in X*, we 
may assume without loss of generality that x* > 0; otherwise, consider 
xf and x*_. 

Let B be the carrier of x*. Then i? is a band in X; let P be the 
corresponding band projection. Note that B has a weak unit, and the 
restriction Xq of x* to P is a strictly positive order continuous functional 
on B. Let B be the AL-representation for {B,Xq) as in Section 01 By 
Remark 14.31 B = Li(/i) for some hnite measure /i. By [26l Lemma 3.3], 
if Xn X in X then Pxn Px. It follows that P{C) is a convex 
Komlos set in B. Furthermore, P{C) is a Komlos set in Li(/i) by 
Theorem 14.1101) and, therefore, P{C) is norm bounded in Li(/i) by 
[36] . Observe that 

|x*(x)| < x*(|x|) = x*{P\x\) = x*(|Px|) = ||Px||lp^) 

for every x G O; this yields that x*{C) is bounded. 

We now consider the general case. Suppose, for the sake of contra¬ 
diction, that C is not norm bounded in X. Pick a sequence (x„) in C 
such that sup„||x„|| = oo. Let B be the band generated by (x„) and 
P be the corresponding band projection. Then B has the projection 
property and a weak unit, and is a norming subspace of B*. Ob¬ 
serve that P(C') is a Komlos set in B by [26l Lemma 3.3] again, and is 
therefore norm bounded by the preceding paragraph. This leads to a 
contradiction since (x„) C P{C). □ 

Corollary 5.24. Let X be an order continuous Banach lattice or a dual 
Banach lattice. Then every convex Komlos set in X is norm bounded. 

Recall that a vector lattice X has the countable sup property^ 
if every subset in X having a supremum contains a countable subset 
with the same supremum. 
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Proposition 5.25. Let (f2, S,/i) be a a-finite measure space and X be 
a Banach lattice which is an ideal o/Lo(/i). Suppose that ||x„|| t II^^H 
whenever 0 < Then is a norming subspace of X*. In 

particular, every convex Komlos set is norm bounded. 

Proof. By m Lemma 2.6.1], Lo(/x) has the countable sup property. 
It follows that X has the countable sup property. Hence, from our 
assumption, it follows easily that X satishes the Fatou property in the 
sense of mi Dehnition 2.4.18]; namely, for any net t] < f x m. X, 
one has ||xq,|] f ||x||. Recall also that separates the points of X 
by Lozanovsky’s Theorem [H Theorem 5.25], and note that X is order 
complete. m Theorem 2.4.21] implies that is norming. The last 
assertion follows from Theorem 15.231 □ 

This proposition includes and improves m Theorems 4.1 and 4.2]. 
Note that our Theorem l5. 231 applies to function spaces over non-a-hnite 
measure spaces. In particular, a convex Komlos set in Li{p) is norm 
bounded even when p is not necessarily cr-£nite. 

We hnish this section with two open problems. 

Problem 5.26. Let X be a sequentially boundedly uo-complete Ba¬ 
nach lattice. Does the pre-Komlos property imply the Komlos property 
on X? 

Problem 5.27. Is there an unbounded convex Komlos set? 

6. Banach-Saks properties 

Let X be a Banach space. A sequence [xn) in X is said to be 
Cesdro convergent if its Cesaro means converge in norm. We say 
that X has the Banach-Saks property (BSP) if every bounded 
sequence has a Cesaro convergent subsequence. We say that X has 
the weak Banach-Saks property ( WBSP) if every weakly null se¬ 
quence has a Cesaro convergent subsequence; in this case, it is easy 
to see that the Cesaro means of the subsequence converge to zero. 
Suppose now that X is a Banach lattice. We say that X has the 
disjoint Banach-Saks property (DBSP) (respectively, disjoint 






32 


N. GAO, V. G. TROITSKY, AND F. XANTHOS 


weak Banach-Saks property (DWBSP)) if every bounded (re¬ 
spectively, weakly null) disjoint sequence has a Cesaro convergent sub¬ 
sequence. 

Various Banach-Saks properties have been extensively studied; see, 
e.g., [laiEniEiiEiEaiiiniEiiEH]. We will use the following classical 
result. 


Theorem 6.1 (|22]). Every bounded sequence (x^) in a Banach space 
has a subsequence such that either every further subsequence of 

(xnj.) Cesaro converges to the same limit or every further subsequence 
of [xnff) Cesaro diverges. 


In this section, we study some aspects of Banach-Saks properties for 
Banach lattices. The idea is to apply the pre-Komlos property estab¬ 
lished in Section E] to reduce the norm convergence of Cesaro means to 
an order property; namely, almost order boundedness. This approach 
also proves very efficient when dealing with domination problems of 
(weakly) Banach-Saks operators. 

Recall that a subset A oi a Banach lattice X is almost order 
bounded if for any e > 0 there exists x G such that A C [—x, x] -|- 
sBx- It follows readily from the Riesz decomposition property that 
A C [—x,x] -1- eBx if and only if sup^g^ (|a| — x)^ < s. Hence, if A 
is almost order bounded, so is its convex solid hull. It is easy to see 
that a norm convergent sequence is almost order bounded. We will use 
the following fact. 


Theorem 6.2 f |26[ Proposition 4.2]). In an order continuous Banach 
lattice, every almost order bounded uo-Cauchy net converges uo- and 
in norm to the same limit. 


Combining this Theorem with Corollarv l5.14l we obtain the following 
useful lemma. 


Lemma 6.3. Let X be an order continuous Banach lattice and (xn) 
a bounded sequence in X. Suppose that every subsequence of (xn) has 
a further subsequence whose Cesaro means are almost order bounded. 
Then there exist a subsequence (x„^) of (x„) and a vector x E X such 
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that the Cesaro means of any subsequence of (xn^) converge uo- and in 
norm to x. 

Proof. In view of Theorem 16.11 by passing to a snbsequence, we may 
assnme withont loss of generality that either the Cesaro means of ev¬ 
ery subseqnence of (a;„) converge to the same limit (denote it by x), 
or the Cesaro means of every snbseqnence of {xn) diverge. By Corol¬ 
lary 15.141 passing to a further subsequence of {xn), we may assume 
that the Cesaro means of every subsequence of (x^) are uo-Cauchy. 
By assumption, there exists a subsequence (x^^,) of (x^) such that the 
Cesaro means of (x^^.) are almost order bounded, and hence converge 
by Theorem 16.21 It now follows from the hrst sentence that the Cesaro 
means of every subsequence of (x^) converge to x. 

Let (yn) be a subsequence of (xn^,); let (sm) be the sequence of the 
Cesaro means of (?/„). It now follows from Sm ^ x that the sequence 
(sm) is almost order bounded. It also follows from the hrst part of 
the proof that (sm) is uo-Cauchy. Applying Theorem 16.21 again, we 
conclude that Sm x. □ 

As an immediate corollary, we obtain the following characterizations 
of the BSP and WBSP in order continuous Banach lattices. 

Theorem 6.4. For an order continuous Banach lattice X, the follow¬ 
ing are equivalent. 

(1) X has the BSP (respectively, the WBSP). 

(2) Every bounded (respectively, weakly null) sequence has a subse¬ 
quence whose Cesaro means are almost order bounded. 

(3) For every bounded (respectively, weakly null) sequence (x^) in X, 
there exist a subsequence (x^^.) of (xn) and a vector x G X such 
that the Cesaro means of any subsequence of (x^^,) are norm 
and uo-convergent to x. 

Corollary 6.5. A Banach lattice with the PSP has the WBSP. 

Proof. It is known that a Banach lattice with the PSP has order contin¬ 
uous norm. Given a weakly null sequence, it is almost order bounded by 
[26l Theorem 3.14]. So are its Cesaro means. Apply Theorem 16.41 □ 
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Example 6.6. Let X be a separable Lorentz space on [0, a) for 0 < 
a < cx). It was proved in [20l Theorem 5.7(i)] that X has WBSP. The 
proof there started with the observation that every disjoint weakly 
null sequence in X is norm null. This clearly implies that X has the 
DWBSP. It is then concluded in [20] that X has the WBSP because of a 
sophisticated variant of the subsequence splitting property established 
there. 

In fact, [SO, Theorem 5.7(i)] is a special case of Corollary 16. 5 [ because 
the fact that every disjoint weakly null sequence in X is norm null is 
equivalent to the PSP by [m Corollary 2.3.5]. 

For the next two propositions, we need the following lemma, which 
is a variant of the well-known Kadec-Pelczyhski dichotomy; cf. m 
p. 38]. 


Lemma 6.7. Let X be an order continuous Banach lattice and (xn) a 
bounded sequence in X. If Xn 0 in X, then there exist a subsequence 
{xrik) of {xn) and a disjoint sequence {dk) ofX such that dfcH —)■ 0. 


Proof. Put X = Observe that |||x„| A ?/|| —?■ 0 for any 

y G X_|_. An easy induction argument yields a subsequence {xmf) of 
{xn) such that 


k 

A +2-^a:) 

i=l 



for any k>l. Put Uk = (la^n^+il - 4*^ - 2 ^x^. Then 

k 

|a^nfc+il ~ Uk = A ^4 +2 

i=\ 


and, therefore, |a^nfc+il — Uk 
disjoint. So we are done if (x„] 
For the general case, let Pu^ 
generated by Uk- Put dk = Pu^^ 


< i By la Lemma 4.35], UkS are 
is a positive sequence, 
be the band projection onto the band 
Then dkS are disjoint. Moreover, 


^rik+i 


dk 




Puk^rik+i \ 
^ \^nk+i 


la^nfc+i \ PUk — (la^rifc+i I ~ Uk^ . 
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It follows that 


dk\ 


< \Wk+i - Uk\\ 0 . 


□ 


This lemma allows us to replace disjoint sequences with uo-null se¬ 
quences in the definition of the DBSP as follows. 

Proposition 6.8. For an order continuous Banach lattice X, the fol¬ 
lowing are equivalent. 

(1) X has the DBSP, 

(2) Every bounded disjoint sequence has a subsequence whose Cesdro 
means are almost order bounded; 

(3) Every bounded uo-null sequence has a Cesdro convergent subse¬ 
quence; 

(4) Every bounded uo-null sequence has a subsequence whose Cesdro 
means are almost order bounded. 


Proof. The equivalences ([I])-v^(l2l) and (l3])-v^(jll) can be proved by apply¬ 
ing Lemma 16.31 The implication (l3])^([l]) follows from Corollary 13.61 
For let (xn) be a norm bounded uo-null sequence in X. Then 

Lemma 16771 yields a subsequence (xn^) of (a;„) and a disjoint sequence 
(dk) of X such that \\xnp, — dk\\ —)■ 0. By passing to a further subse¬ 
quence, we may assume that {dk) is Cesaro convergent. The desired 
conclusion results from the following observation: 


1 

m 


2 = 1 


1 

m 





2=1 



^ 0 . 


□ 


Recall that by Corollary 13.131 the Cesaro means of any subsequences 
of a uo-null sequence in X are also uo-null. The next result is an 
analogue of Proposition 16.81 for the DWBSP. 

Proposition 6.9. For an order continuous Banach lattice, the follow¬ 
ing are equivalent. 

(1) X has the DWBSP; 
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(2) Every weakly null disjoint sequence has a subsequence whose 
Cesdro means are almost order bounded; 

(3) Every weakly null and uo-null sequence has a Cesdro convergent 
subsequence; 

(4) Every weakly null and uo-null sequence has a subsequence whose 
Cesdro means are almost order bounded; 

(5) Every weakly null positive sequence has a Cesdro convergent 
subsequence; 

(6) Every weakly null positive sequence has a subsequence whose 
Cesdro means are almost order bounded. 


Proof. The equivalences ([I])-^(l2]), (I3])<^(jl]), and (l5])-^(l6l) follow from 
Lemma [6.31 The equivalence ([I])-v^(l3]) can be proved in a similar fash¬ 
ion as in Proposition inSl The implication ([3]) ^([5]) follows from Propo¬ 
sition H]71 For ([5])^([3]), let (xn) be a weakly null and uo-null sequence 
in X. By [261 Proposition 3.9], (|a;n|) is also weakly null. Hence, a sub¬ 
sequence (|a;„j,|) is Cesaro convergent. Note that the limit must be 0. 
Finally, observe that 


1 

m 


m 



k=l 


< 


1 

m 


m 



k=l 


0 . 


□ 


6.1. Relations between varions types of Banach-Saks proper¬ 
ties. For a Banach lattice, the following diagram is obvious: 


WBSP 



BSP DWBSP 



DBSP 


We claim that, in general, none of the reverse implications hold, and 
the WBSP and the DBSP do not imply each other. It follows from 
James’ Theorem |23l Theorem 3.55] that Banach spaces with the BSP 
are reflexive (because BSP implies that every functional attains its 
norm on the unit ball). Hence, Banach spaces with the BSP are just 
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the reflexive spaces with the WBSP. Baernstein ([S]) constructed a 
reflexive Banach lattice which fails the WBSP. 

It is easy to see that £i fails the DBSP (and, therefore, the BSP); 
yet Corollary 16.51 yields that £i has the WBSP (and, therefore, the 
DWBSP). This tells us that WBSPy^BSP, WBSPy^DBSP and DWBSPy^DBSP. 
Being non-reflexive, cq fails the BSP. However, it is easy to see that 
Co has the DBSP. This yields DBSPt^BSP. The following example 
is an order continuous Banach lattice showing DBSPt^WBSP and 
DWBSPt^WBSP. 

Example 6.10. Consider the space Lp(co) = Lp(jO, 1]; cq), where 1 < 
p < oo. By [20l Theorem 5.1], Lp{co) fails the WBSP. We will show 
that it has the DBSP. For any x G Tp(co) and u G [0,1], write x{u) = 
{x^{uj),x‘^{uj),- ■ G Co a.e. Put x*{uj) = sup^|a;™'(a;)|. Then x* G Lp 
and ||a;|| = ||x*||Lp. 

Let be a disjoint positive sequence in Lp(co). We can decom¬ 

pose [0,1] into pariwise disjoint sets H^s such that D = Ur=i 
that X* > X* on for any j ^ i. Due to the disjointness of Xj’s, we 
have Xi + ■ ■ ■ + Xn = Xi\J ■ ■ ■ \J Therefore, 

(xi H-h Xn)*{u:) = (xi V • • • V XnYioo) 

= {xiXA^ V • • • V XnXAS(‘^) = {^iXAi + • • • + XnXAY*{uj). 

Since XiXa^) ■ ■ ■ ,XnXA„ have disjoint supports, we conclude that 
-- 'rXnXAY\ = (II^iXAiFH- 

1 I 

— (ll^iir + ■ ■ ■ + ll^nir) ^ < UP max||a:j||. 

It follows that for any disjoint sequence (xi))L;^ in Lp(co), we have 

llxi -t-... -1- Xn\\ = |||ici| I-... -1- |ic„||| < UP max||xi|| 

In particular, Tp(co) has the DBSP. 

Observe that the above computation actually shows that Tp(co) sat¬ 
isfies an upper p-estimate. Note also that in this example, co may be 
replaced with any AM-space. 
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Recall that an order continuous Banach lattice X is said to have the 
subsequence splitting property if for any norm bounded sequence 
{xn) there exist a subsequence of [xn) and two sequences {yk) 

and {zk) such that = Vk + Zk, (yk) is almost order boundec|i|, (zk) 
is pairwise disjoint and yk J- Zk for all k. 

Remark 6.11. Note that if the sequence (x„) in the preceding def¬ 
inition is weakly null, the sequences {yk) and {zk) are weakly null as 
well. Indeed, being almost order bounded, the sequence {yk) is rela¬ 
tively weakly compact. It follows that {zk) is relatively weakly compact. 
Since {zk) is disjoint, it follows from [5l Theorem 4.34] that both {zk) 
and (12:^1) are weakly null. It follows that {yk) is weakly null as well. 

The following result was obtained in [2TI Section 3]. We now give an 
alternative proof of this result using the Komlos property technique. 
Note that this result implies Theorem II.21 because Lp{y) has the subse¬ 
quence splitting property and is easily seen to have the DWBSP (and 
even the DBSP when p > 1). 

Proposition 6.12 ([2lj)- Let X be a Banach lattice with the subse¬ 
quence splitting property. 

(1) If X has the DBSP then it has the BSP. 

(2) If X has the DWBSP then it has the WBSP. 

Proof. We only prove ([2]) here; the proof of ([T]) is similar. Let (x„) be a 
weakly null sequence in X. Passing to a subsequence, we assume that 
Xn = yn + Zn, wliere {yn) is almost order bounded, {zn) is disjoint, and 
both {yk) and {zk) are weakly null. Passing to a further subsequence, 
we may assume that every subsequence of {yn) is Cesaro convergent by 
Lemma [6731 Since X has the DWBSP, passing to a further subsequence, 
we may assume that {zn) is Cesaro convergent. It follows that (x„) is 
Cesaro convergent. □ 

^In literature, in the definition of the subsequence splitting property, {yk) is re¬ 
quired to be L-weakly compact. However, a bounded subset of an order continuous 
Banach lattice is L-weakly compact if and only if it is almost order bounded by mi 
Proposition 3.6.2]. 
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We also have the following positive result which applies to sequence 
spaces. 

Proposition 6.13. For an order continuous atomic Banach lattice, 
the DWBSP implies the WBSP. 

Proof. Let {xn) be a weakly null sequence. It is known that in atomic 
order continuous Banach lattices, the lattice operations are weakly con¬ 
tinuous. It follows that \xn\ -^0. Passing to a subsequence, we may 
assume by Proposition I6.9ll6ll that the Cesaro means of (|a:„|) are al¬ 
most order bounded. This yields that the Cesaro means of [xn) are 
almost order bounded. The result now follows from Theorem 16.41 □ 

Alternatively, Proposition l6.13l follows immediately from Theorem 16. 9 ll3|) 
and the following lemma (cf. [46l Theorem 1]). 

Lemma 6.14. Every weakly null sequence in an atomic order contin¬ 
uous Banach lattice is uo-null. 

Proof. Suppose not. Then [271 Lemma 1.2] implies m.ik\xn^\ > 0 for 
some subsequence {xr^f) of {xn). There is an atom a G such that a < 
m.ik\xnf\. In particular, \xnf\ > afor every fc. Let / be the biorthogonal 
functional of a, that is, PaX = f{x)a for every x E X, where Pa is the 
band projection onto Ba- Then / is a lattice homomorphism, so that 
\f{^nk) \ = /(knj) > f{a) = 1- This contradicts x^^ ^0. □ 

Regarding DWBSP^DBSP, we have the following result. 

Proposition 6.15. A Banach lattice X with the DWBSP has the 
DBSP if and only if it contains no lattice copy of l\. 

Proof. The “only if” part follows from the fact that ii fails the DBSP. 

For the “if” part, suppose that X contains no lattice copies of £i. 
Then [4TI Theorem 2.4.14] guarantees that every norm bounded disjoint 
sequence in X is weakly null and, therefore, DWBSP yields DBSP. □ 


6.2. Banach-Saks operators. 









40 


N. GAO, V. G. TROITSKY, AND F. XANTHOS 


Definition 6.16. An operator T from a Banach space X to a Banach 
space Y is called a Banach-Saks (respectively, weakly Banach- 
Saks) operator if for any norm bounded (respectively, weakly null) 
sequence (x„) in A, (Txn) has a Cesaro convergent subsequence. 

The following is a useful characterization of (weakly) Banach-Saks 
operators. The proof of this result is an immediate application of 
Lemma 16.31 

Theorem 6.17. Let X be a Banach space and Y he an order contin¬ 
uous Banach lattice. For an operator T: X Y, the following are 
equivalent. 

(1) T is a Banach-Saks (respectively, weakly Banach-Saks) opera¬ 
tor, 

(2) For every norm hounded (respectively, weakly null) sequence 
(xn) in X, there is a subsequence {xn^) such that the Cesaro 
means of any subsequence ofiTxrn,) are norm and uo-converqent 
to some y. 

(3) For every norm bounded (respectively, weakly null) sequence 
(xn) in X, (Txn) has a subsequence whose Cesaro means are 
almost order bounded. 

This theorem allows us to present a simple proof of the following 
result, which was originally proved in [25l Corollary 3.3] by different 
methods. Our proof demonstrates the efficiency of the approach of 
transferring topological properties to order properties. 

Corollary 6.18 ([25]). Let X and Y be Banach lattices with Y order 
continuous. If 0 < S < T : X ^ Y with T Banach-Saks, then S is 
also Banach-Saks. 


Proof. Let {xn) be a norm bounded sequence in X. Clearly, the se¬ 
quence (|a;„|) is also bounded. Then there exists a subsequence such 
that the Cesaro means of {T\xnJ) are convergent and, therefore, almost 
order bounded. Since 
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the Cesaro means of (Sxn^.) are also almost order bounded. Hence, S 
is a Banach-Saks operator by Theorem 16.171 □ 

Remark 6.19. In [25], Corollaries 3.2 and 3.3 are deduced from The¬ 
orem 3.1. Having just presented an alternative proof of their Corol¬ 
laries 3.3, we note that it easily implies Theorem 3.1 of [25]. In¬ 
deed, consider the second diagram on page 98 of [25]. Since Ti is 
a Banach-Saks operator, so is 0Ti. Since F is order continuous and 
0 < (j)Ri < 4>Ti, we conclude that (pRi is a Banach-Saks operator. It 
follows that R 2 R 1 = Q4>Ri is Banach-Saks. 

The domination problem for weakly Banach-Saks positive operators 
remains open. We present the following results. Following [29l [13], 
we say that a Banach lattice has the W1 property if for every rela¬ 
tively weakly compact set H, the set {|a| : a G is again relatively 
weakly compact. This class of spaces includes KB-spaces, atomic order 
continuous Banach lattices, and AM-spaces. 

Theorem 6.20. Let X and Y he Banach lattices such that X has the 
W1 property and Y is order continuous. If 0 < S < T : X ^ Y with 
T weakly Banach-Saks, then S is a weakly Banach-Saks operator. 

Proof. Let (xn) be a weakly null sequence in X. By the property 
(Wl), we may assume, by passing to a subsequence, that \xn\ ^ a 
for some a G A. Since T is weakly Banach-Saks, passing to a further 
subsequence we may assume by Theorem 16.171 that the Cesaro means 
of [T\xn\ — Ta) and, therefore, of (T\xn\) are almost order bounded. 
As in ([2]), we conclude that the Cesaro means of (Sxn) are almost order 
bounded. Apply Theorem 16.171 again. □ 

Proposition 6.21. Let X and Y be Banach lattices such that X is an 
order continuous Banach lattice with the subsequence splitting property. 
IfO<S<T:X^Y with T weakly Banach-Saks, then S is a weakly 
Banach-Saks operator. 

Proof. Let [xn) be a weakly null sequence in X. Since X has the subse¬ 
quence splitting property, we may assume by passing to a subsequence 
that Xn = Zn Vn, where {zn) is disjoint and (?/„) is almost order 








42 


N. GAO, V. G. TROITSKY, AND F. XANTHOS 


bounded. Passing to a further subsequence, we may assume that every 
subsequence of (?/„) and, therefore, of {Syn), is Cesaro convergent by 
Lemma [6.31 Recall from Remark 16 .11 1 that \zn\ -^0. Therefore, after 
passing to a further subsequence, {T\zn'\) is Cesaro null. It follows that 
[Szn) is Cesaro null. Hence, {Sxn) is Cesaro convergent. □ 

Note that the proof works whenever X has the subsequence splitting 
property for weakly null sequences. Cf. also pTl Theorem 1.1]. 

We would like to hnish this section with an open problem. 

Problem 6.22. Can one remove or relax the assumptions on X and 
Y in Theorem 16.201 and Proposition 16.211 '' 
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